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Abstract 

We examine the motion of a charged particle in the vicinity of a weakly mag¬ 
netized naked singularity. The escape velocity and energy of the particle moving 
around the naked singularity after being kicked by another particle or photon are 
investigated. Also at innermost stable circular orbit (ISCO) escape velocity and 
energy are examined. Effective potential and angular momentum of the particle are 
also discussed. We discuss the center of mass energy after collision between two par¬ 
ticles having same mass and opposite charges moving along the same circular orbit 
in the opposite direction. It is investigated that under what conditions maximum 
energy can be produced as a result of collision. 
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1 Introduction 


It is believed that particles in the surroundings of black holes are signihcantly influenced 
by the strong gravitational pull. Although, other forces that are usually supposed to be 
weaker are also at work near these objects. These include forces applied by the magnetic 
held and pressure of the infalling hot gases. Recent investigations have brought up the 
evidence that magnetic forces can be as powerful as gravity near supermassive black holes. 
But most of the work till now has been investigated for weak magnetic forces around 
black holes. The phenomenon of jet formation in black holes is widely under observation 
nowadays. Adequate amount of energy to establish and strengthen jets is yielded by the 
matter in accretion disk and rotation of the black hole. It is most likely believed that 
magnetic helds are responsible for the transfer of energy to the jets [1-3]. 

There are several papers that examine the dynamics of particles moving around 
weakly magnetized black holes. Motion of a charged particle near weakly magnetized 
Schwarzschild black hole is analyzed in [4-6]. The chaotic motion of a charged particle 
around Kerr black hole perturbed by magnetic held is investigated in [7-13]. Circular 
motion of charged particles around Reissner-Nordstrom spacetime is discussed in [14]. 
Chaotic particle motion in the Majumdar-Papapertou metric is discussed in [15,16]. Fur¬ 
thermore, collision between particles and their escape energies after collision around Kise¬ 
lev black hole [17] and a slowly rotating Kerr black hole [18] have been studied. 

There are compelling arguments that black hole candidates in astrophysics could well 
be naked singularities instead of black holes, and that the distinction between the two 
possiblities may have observational consequences [19-21]. In this paper, we discuss motion 
of a charged particle around weakly magnetized naked singularity sourced by a massless 
scalar held. It is an extension of the Schwarzschild geometry when a massless scalar held 
is added to it which deforms the event horizon into a naked singularity. This solution 
was hrst discovered by Fisher [22], and subsequently rediscovered by Janis, Newman 
and Winicour [23] and others [24-26]. Subsequent works eventually show that some of 
these independently-found solutions are equivalent (see, e.g.. Ref. [27]). This solution 
is known in literature as the Fisher solution, or the Janis-Newman-Winicour solution. 
The understanding of the physical properties and other features of this spacetime were 
expanded by Janis, Robinson and Winicour, [28]; therefore it is also sometimes known 
as the Fisher-Janis-Robinson-Winicour spacetime. A generalization to higher dimensions 
was given in [29], and an analysis of its properties in higher dimensions was performed by 
Abdolrahimi and Shoom [30]. More recently it was shown that this spacetime is isometric 
to a class of unique spacetimes possessing a photon sphere [31]. 

While this spacetime is known under many different names, for the purposes of this 
paper, we shall follow references related to the context of our paper such as [20,32,33] 
and refer to this solution as the Janis-Newman-Winicour (JNW) spacetime. The charged 
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generalization of this solution was obtained by Penney [34], and an exact magnetized 
solution was given by [35], and a further accelerating generalization was given in [36]. 

In [6] motion of a charged particle is discussed in the vicinity of weakly magnetized 
Schwarzschild black hole. The effect of the magnetic held on a charged particle is similar 
to the effect of the black hole rotation on a neutral particle. Like fast-rotating black 
holes weakly magnetized black holes behaves as particle accelerators. The case of particle 
motion around weakly magnetized Kerr black holes was considered recently in [37]. The 
critical escape energy and velocity of the kicked charged particle with different initial radial 
velocities have been investigated in [38]. Recently Lim studied the motion of charged 
particles around an electrihed black hole [39]. 

Our core interest is to study the motion of a charged particle orbiting in the JNW 
spacetime after being hit by another particle. We are considering homogeneous magnetic 
held at spatial inhnity. After collision the particle may pursue its motion in distinctive 
trajectories. We examine that, under what circumstances can a particle leave the locality 
of naked singularity and what causes the particle to fall in the naked singularity. 

In Sec. 2, we derive the general equations of motion for a charged particle in a mag¬ 
netized JNW spacetime. The equations will contain special cases that will be studied in 
subsequent sections. Particularly, in Sec. 3 we consider the special case of a particle in 
the absence of a magnetic held. The value of inner most stable circular orbit (ISCO) is 
investigated. Escape velocity of the particle is determined, also at the ISCO its value is 
computed. Energy of the particle is brought under analysis and its value at the ISCO 
is calculated. In Sec. 4, the motion of charged particles in weakly magnetized space- 
times are discussed. To simplify the analysis, dimensionless forms of the equations of 
motion, ehective potential, energy and escape velocity are discussed. Dimensionless an¬ 
gular momentum and magnetic held are also investigated. In Sec. 5, we made an analysis 
of collision between two particles with same mass and opposite charges revolving around 
the naked singularity and computed the center-of-mass energy produced as a result of 
collision. 


2 Particles in a magnetized JNW spacetime 

2.1 Metric 

We will be considering the motion of a charged particle in the magnetized JNW (or FJRW) 
spacetime [35]. This can be obtained by taking the ordinary JNW metric and applying 
a Harrison-type transformation [35,40-42] to it. The result is an exact solution given by 
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the metric 


ds^ = {-rdf + f-^df + rf-’^de^) + A-V/^-^ sin^ 9 d^, 

/=1-A A=l + \BVf-sm^0, (1) 

while the massless scalar held is given by 


^ = 



and the Maxwell potential is 


A 


Brr~‘'sm^9 

2A 


d(j). 


( 2 ) 

(3) 


The Maxwell tensor accordingly is = d^Ai, — di^A^. It can be verihed that the 
metric (1), together with (2) and (3) solves the four-dimensional Einstein-Maxwell-scalar 
equations. 

The parameters Vg and u are related to the black hole mass M and scalar charge q by 

M = q = ^rgVl - 1/2, (4) 


while the parameter B is related to the strength of the axisymmetric magnetic held. We 
can see that the case u = 1 (or, equivalently, g = 0) reduces to the magnetic Ernst 
spacetime. On the other hand, for 5 = 0 we recover the usual JNW spacetime. Setting 
both B = 0 and u = 1 gives the Schwarzschild spacetime. Similar to the unmagnetized 
case, the metric (1) has a strong curvature singularity at r = Vg. Similar to the Ernst 
solution, this solution is not asymptotically hat. 


2.2 Equations of motion 

For a test particle of charge per unit mass e, its motion is described by a trajectory 
x^{t), where r is an appropriate affine parametrization. The motion is determined by 
the Lagrangian L = + eA^x^, where overdots denote derivatives with respect 

to r. The equations of motion satished by x^{t) can be derived with the Euler-Lagrange 
equations £§ji = Mji- 

In the following, it will be convenient to dehne 

F^r, f-f (5) 

such that the Lagrangian describing a charged particle in the magnetized JNW spacetime 
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is given by 


L = - 

2 




^2 


-Ft^ + r^Ge^ 


+ 


r^Gsivi 9 > 


A2 


+ 


eBr^G sin^ 9 ■ 


2A 


( 6 ) 


Since the Lagrangian is cyclic in t and 0, we have the following first integrals 

S ■_ A2 / eBr‘^Gsm^9\ 

A^F’ r‘^G 8110^9 V 2A / 

where S and C are conserved quantities which we may interpret as the energy and angular 
momentum of the particle, respectively. Applying the Euler-Lagrange equation to the 
remaining two coordinates gives 


r = 


F' 9rA\ .2 , , r^drA , r^G'\., 2deA.. 

___n +FGir + — + —\0 -—r0 


+ 


F / rdrA rG'' 

r'^G8m^9 \ A 2G 


+ 


eBF 

rA 


rdrA rG' 

1-^-^- 

2A 2G 




A 

eFr^Gsin^ 9\j‘ 

dr A 


^ 2A 

eBr'^Gsiv? 9 


■■ deA f P 


+ 


Fr^G 

1 


r^G2 sin^ 9 
eB 

Ar2Gsin6* 


9' 

cos 9 — 
cos 6* — 


2A 

drA 1 G'\. 

+ 7 ^ ]r9 
A r 2G J 


A 


F'\ 

^ AF / A4’ 


S^deA 

A^Fr^G 


sin 9dgA 
A 

sin 9dgA 
2A 


C- 

C- 


eBr'^G sin^ 9 

2A 

eFr^Gsin^ 9 
AA 


Here, the primes appearing in F' and G' denote derivatives with respect to r. 
invariance of gfj.uX^x'' = e gives a constraint equation 




A2 


A^F r2Gsin^6* 


C 


eFr^Gsin^ 9 

2A 


+ AM ^ 1 = e. 


( 8 ) 


(9) 

The 

( 10 ) 


By appropriately rescaling the affine parameter r, the magnitude of e can be set to unity 
if it is nonzero. Therefore in the following, we have e = — 1 for timelike particles and 
e = 0 for photons or null geodesics. The equations of motion (8) and (9), together with 
the constraint (10) contains various special cases for motion in related spacetimes. For 
instance, setting v = 1 describes the motion in the magnetic Ernst spacetime studied in 
Refs. [39,43-45]. Setting R = 0 will give the geodesic equations in the JNW spacetime, 
and finally if z/ = 1 and R = 0 we have the well-known equations for Schwarzschild 
geodesics. 
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The constraint eqnation (10) can be also cast in the effective potential formnlation 


A4 A r^FCe^'^ =£^- 


( 11 ) 


where 


A^F / eBr^G sin^y 
r'^Gsin^O \ 2A / 


eA^F. 


( 12 ) 


While in general, the effective potential is a complicated fnnction that depends on 
parameters C, u, B and r^, we can make a few qnalitative observations. 

Firstly, we note the asymptotic behavior of at large r, is 

^ {rsinef {CB - 2e)^ + 0(r^). (13) 

256 

Thns, at large distances away from the singnlarity, the potential increases to the order of 
(rsin^)®. Therefore, for large valnes of r where r —)■ cx), the potential remains hnite if 
0 —)■ 0 or TT. Thns a particle with hnite energy £ can escape to inhnity if the trajectory 
takes it along a path close to the polar axis 6* = 0 or 6* = tt. 

Secondly, at distances close to the r = Vg singnlarity, dne to the factor F/G = 
in front of the paranthesis in (12), we have 


lim 


0, if n > 1, 

+CX) liv < \ and {c - j ^ q. 


(14) 


Therefore for < 1 and ^ q there exist an inhnite potential barrier 

preventing the particle from reaching the r = Vg singularity. 


2.3 Equatorial circular orbits 

We can easily check that 0 = 7r/2 is a trivial solution to Eq. (9), where 6 = 9 = Q. These 
orbits he in the equatorial plane. The plots of against r for various cases are shown in 
Fig. (1). 

For the unmagnetized case 5 = 0, the effective potential obtained in [32] is reproduced. 
In particular, for v < \ the potential becomes an inhnite barrier. Now if the magnetic 
held is turned on, an additional gravitational attraction is provided by the magnetic held 
itself, manifesting in a potential well. Thus charged particles in the magnetized JNW 
spacetime is bound more tightly compared to the unmagnetized case. 

For concreteness, we will be mainly interested in a charged particles which are initially 
in the innermost stable circular orbit (ISCO), while second particle is coming from inhnity. 
They both collide in the ISCO. We may dehne circular orbits to be those of constant r 
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(a) 5 = 0, £ = 3.75. 


(b) B = 0.03, C = 3.75. (c) B = 0.06, £ = 3.75. 



(d) 5 = 0, £ = -3.75. 


(e) B = 0.03, £ = -3.75. (f) B = 0.06, £ = -3.75 


Figure 1: (Color online) Plots of vs r at 0 = 7r/2 and Vg = 2 for timelike (e = —1) 
particles of charge e = 1, with various values of B and £. Each plot contains curves of 
various values of u, from bottom to the top, = 1, 0.9, 0.7, 0.5 and 0.3. 
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and 6. We seek such orbits exist in the equatorial plane where 0 is a constant equal to 
7r/2, thus Eq. (9) is automatically satished. By demanding that r = Tq is a constant in 
(8) and (10), we have, 


2r„G 


U = 


eBrlG {6B^roFG + SB^r^FG' + F'(4 + B^rlG)) ± VK 


(4 + B‘^r‘^G) [{3B\IG - 4){2G + roG')F + VoGF'^A + B^r^G)] ’ 


(15) 


, F(4 + B^rlG) 

^ 256r^G 


X [(4 + B^lGfCl - AeBGrl{A + B^rlG)C± + AGrl{e^B^rlG - Ae)] , (16) 


where 


K = 2B^rl{2G + r^G')^ {Sr^GeB^ - 4e + 26^) F^ 

+ eVoF' (4 + B^rlG) {hB^rlG - A) {2G + r^G") F + rlGF'^e (4 + S^ (17) 

We consider the stability of a circular orbit by perturbing about the radius Vo by writing 


r{T) =ro + eri{T). 


(18) 


We substitute this into Eq. (8). To hrst order in e, the equations of motion reduce to 


ri = — a; ri. 


(19) 


where, in general, the expression for a; is a complicated function of z/, B, Vg and tq that 
is too complicated to be shown here, however it can be handled straightforwardly using 
a standard computer algebra software such as MAPLE. 

We can, however, study the qualitative behavior of for various spacetime and orbital 
parameters. Fig. (2) shows the values of for various B and u. The circular orbits are 
stable for > 0, and we can see that for the case B = 0 and u = 1 (the solid curve in 
Fig. (2a)) show that the stable circular orbits exist for > Svg. This is the well-known 
case of circular orbits in the Schwarzschild spacetime. 

Turning on the magnetic held, while keeping u = 1 corresponds to circular orbits in the 
magnetic Ernst spacetime. We see that the effect of the magnetic held brings the stable 
range of circular orbits closer to the black hole. (See the dotted, dashed and dash-dotted 
curves in Fig. (2a) and (2d)). 

Setting z/ < 1, we see that spacetimes with a massless scalar held can support stable 
circular orbits of even smaller radii, in particular, for u < 1/2 all circular orbits up to 
those inhnitesimally close to the singularity r = Vg are stable. This is due to the existence 
of the inhnite potential barrier, as shown in (14). 






0.02i 





(b) V = 0.7, £ = £+ 

0 . 02 ] 



(e) V = 0.7, £ = £_. 


0.04 

O.OJ 

0.02 



(c) V = 0.4, C = C 



(f) z2 = 0.4, £ = £_. 


Figure 2: (Color online) Plots of vs rg, for e = 1 and various v in units where Vg = 2. For 
each value of z/, the solid, dotted, dashed and dash-dotted curves respectively correspond 
to 5 = 0, 0.025, 0.05, and 0.75. 


2.4 Escape trajectories 

We consider particles initially in an ISCO which subsequently collides with another parti¬ 
cle. In general, the collision would alter its energy and angular momentum, as well as its 
radial and angular velocities. For concreteness and simplicity, we restrict our attention 
to collision which only changes the energy of the particle, while the angular momentum 
remains the same. Furthermore, we assume that the radial velocity remains unchanged, 
therefore, r = 0 after collision. From (10), this restricts us to the fact that increasing the 
energy results 0 7 ^ 0 , i.e., the particle gets kicked out from the equatorial plane. 

Plotting the curves of lA^ = shows the boundary of regions accessible to the particle 
after collision. To demonstrate a specihc example, we consider particles kicked from 
an ISCO in a spacetime oi B = 0.005, v = 0.9, Vg = 2 and e = 10. Choosing the 
lower sign in (15), and solving for = 0 using Eq.(19), we hnd that the initial ISCO 
radius is r(igco) = 4.9490145, and the angular momentum and energy are respectively 
'^-(isco) = 2.986451488 and £(isco) = 0.8853807128. With these parameters the curves 
in are plotted in Cartesian-type coordinates projected on a plane where 0 = 0, 

(or, y = 0). 

The dark regions in Figs. (3a)-(3d) indicate regions inaccessible to the particle. In 
particular, note that Figs. (3c) and (3d) shows that the particle has the ability to escape 
far from the origin if it travels up or down where \z\ S> 1. Recalling that, at 0 = 0, 
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Figure 3: (Color online) Curves of plotted as the boundary separating the 

regions accessible (white) and inaccessible (shaded) for a particle kicked from an ISCO 
into various possible energies. The spacetime parameters are B = 0.005, u = 0.9 and 
Tg = 2, and the charge per unit mass of the particle is e = 10. The initial ISCO radius for 
these spacetime parameters is r(isco) = 4.9490145, as can be calculated from (19). The 
corresponding angular momentum is £_(isco) = 2.986451488. 


we have z = rsin0, hence this is consistent with the observation made in Eq. (14). The 
actual trajectory of a kicked particle may be obtained by integrating Eqs. (8) and (9) 
numerically. Continuing the example where B = 0.005, z/ = 0.9, rg = 2 and £_(isco), we 
track the motion of the particle after being kicked from the initial orbit at r = r(isco) info 
a new energy S, with the angular momentum remaining the same and r = 0 just after 
collision. The initial value of 6 just after collision is calculated from (10). With these 
initial conditions, we plot the trajectories for two possible values of £ = 1.0 and = 1.1, 
shown in Fig. (4). 

As we can see, the particle after the kick may possibly fall into the r = Vg singularity, 
as shown in Fig. (4a), or escape, shown in Fig. (4b) while continuing to execute a 
cyclotron-like spiral due to the Lorentz interaction with the magnetic held. 
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(a) S = 1.0. (b) S = 1.1. 

Figure 4: (Color online) Trajectory of a particle kicked from an initial ISCO orbit where 
B = 0.005, u = 0.9, Tg = 2, e = 10 and |>C_(isco)| = 2.986451488, for post-collision 
energies oi £ = 1.0 and £ = 1.1. The sphere indicates the surface of the singularity r = 
Tg = 2, and the blue circles denote the particle’s original ISCO orbit (rpsco) = 4.9490145) 
before the collision. 
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3 Escape velocity in the unmagnetized JNW space- 
time 


In this section, we consider the unmagnetized case where 5 = 0. The angular momentum 
and energy representing circular orbits, Eq. (15) and (16) for 5 = 0 are 




\ 2ro - (1 + 2z/)rg’ 


^G 


!(l / 2r„-rg(l + t/) \ 

yV ^o) \2ro-rg{l + 2u))' 


( 20 ) 


For u = 1/2, the orbit exists for Tq G (|rg,cx)) and the ISCO is specihed by r^, = |rg, 
which corresponds to an inflection point of the effective potential. For the ISCO we have 


£ - 

e.sco - 


\c 


zISCO I 


33 

2V2 


^9- 


( 21 ) 


As already described in Sec. 2.4, we consider collision of particles initially in an ISCO 
with another particle, where we assume f = 0 after the collision and C remains unaltered, 
and the motion is mainly determined by the energy £ after the collision. Since this implies 
0 7 ^ 0 after the collision, the particles obtains a velocity v± = r6o {Oq is the initial polar 
angular velocity) in the direction orthogonal to the equatorial plane. The energy then 
takes the form _ 


£ 




2 

± 



( 22 ) 


If T < 1 particle cannot escape to inhnity, it will escape to inhnity if T > 1 or in other 
words it will have unbounded motion. 


v± > 



(23) 


Specihcally, for ISCO the escape condition for u 


is, |'y±| > v±^ > 




4 Particles in a weakly magnetized JNW spacetime 

4.1 Equations of motion in the weak magnetization regime 

If the magnetic held is sufficiently weak such that they do not inhuence the particle 
gravitationally, there is a possibility for a particle to escape after collision. This may 
occur if A —)■ 1, or, equivalently, 5 —)■ 0. Nevertheless, the magnetic held may still 
inhuence the particle via the Lorentz force, as the coupling depends on e5. Thus, even 
for small 5, the Lorentz force will remain signihcant for sufficiently large e. 
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Therefore, for timelike particles (e = —1), we shall focus on this weak magnetization 
regime by dehning B = fije and expand the equations of motion (8) and (9) in powers of 
1 /e, the result is 


r = 


VTg .2 1 


2 r(r — Tg) 2 


+ ^{2r - rg{l + 


2 r(r — Tg) 


r — rg\ [2r — rg{l + z/)] C 


r / 2{r — Tg^r"^ sirr 6 

, - - /’.2 

rO + 


^ (r-r. 


cos 0 


r{r — Tg) ' y r J r‘^(r — Vg)^ sin^ 9 4 

and the constraint equation becomes 


(24) 

-— cos^sin^ + (!2(l/e^), (25) 


0 = -^ + 


£2 


/3£ + ^ + + 1 + ^r^Gsin^ 0 + ^(l/e^). (26) 


F ' r'^G sin^ 9 ' F ' " ' '4 

Substituting Eq. (26) into (24), and expressing the quantities in terms of /, we obtain 


" = ^ ( 2 ’-- (1 + 2 '^K) («'+ , 2 ,^,^ 


IJT 

+ 9.2 n-. - 1 ) - ^( 2 ^^ - ^ 9 ) sin' 


« = -Gl + (1 - 0 ^) r« + , - £sm«cos«. 

rV 2r/y r^p^^-'')sm^9 4 

Accordingly, to hrst-order in 1/e, Eq. (7) reduces to 


(27) 

(28) 




£ = /% £= (^0+^Jr^r-"sin^0. 

Rearranging Eq. (26) we obtain an effective potential equation for the test held case 


(29) 


£' = r' + r2/02 + t/^g, 

= r 


I + PsiP 9 


C _I3 
sin^ 9 2 


(30) 


4.2 Dimensionless form of the equations 

Following dimensionless quantities are introduced to avoid complications in our analysis 
regarding motion of the particle after collision. 


(T = —, p=—, t = —, b=-Prg, 7=—. 

rg rg 2 Vg 


(31) 
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The p and 9 components of the dynamical eqnations (27) and (28) are expressed as follows: 




2p^sm^e[l - 


2(l-v) 


(276-1)- sin 2 0 ( 2 p-l), 


( 1 - 1 .) 


(i -1) 

(PO 2 dO dp (1 — u) dO dp 


+ 


P cos 9 


da'^ pda da „2 A i\ da da a ■ n f\\ 

P V p) p^siP9\l - -J 

— P sin 0 cos 0, 
where the energy £ is 


2 ( 1 - 1 .) 




and 


f/eff = ( 1 - (^1 - ^ ) sin^ 9 


( 


^p2sin2p (^1 - ij 


1 - 1 . 


\ 


/ 


( 32 ) 


( 33 ) 


( 34 ) 


( 36 ) 


When we consider the eqnatorial plane, then the particle moving aronnd the naked sin- 
gnlarity in the ISCO has the following energy, 


P = (i--)‘'+i.((i-- 

Po) \ P, 




pl\^-h 


Po 


T^-b 


(36) 


/ 


After the collision the motion of particle is merely determined by its new energy 


£ = \£l + ( 37 ) 

y po 

The particle attains a velocity after the collision i.e. orthogonal to the eqnatorial plane 
given as 

= J{s^-s;)^. ( 38 ) 

V do - 1 

We examine the motion of the particle after collision, initially orbiting in the ISCO. The 
dimensionless forms of the angnlar momentnm and magnetic held represented as i and b, 
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respectively are given below [4]: 


/>=(/>-!) 

2ib{p-l){l 




^ = U' = 0 and ^ = U” = 0 are used to find i and 6, 
p 

~ ^ ~ — 3p + 2p^)+ (39) 


= p3(p-i)3 p^^(p - i)(i - ))X2p -1 - 0 

+ p(p - l)(26V(p - 1)" + (1 - bv(l - 2p + „)) (40) 

p 

+ 2£2(1 - i)2^(l + 3p2 + 3i/ + 2 i/ 2 - 3p(l + 2z/))]. 


Equating Eq. (39) and Eq. (40) to zero, and solving them simultaneously gives 


£ 

b 


= ± 


-b'^jpo - lyplil + 6 p 2 + t/ - 2po(3 + v)) 

(1 - ^)2-(l + 2p2 + 3z/ + 2i/2 - 2po(l + 3z/)) ’ 

-(1 - ^)"-V(l + 2p2 + 3z/ + 2z/2 - 2p,(l + 3z/)) 

2p2(-i + 8p3 - 3z/ - 2z/2 - 2p2(6 + 7v) + 2po(3 + 7z/ + 2z/2) ± i/^E) ’ 


(41) 

(42) 


where 


S — —[12Pq + (1 + ^2)^(1 + 2z/) — 8po(3 + 5z/) + 4 Pq( 5 + 15z/ + 6z/^) 

- 4p„(2 + 7z/+ 6 z/2 + 1/3)]. 

For V = 0.8, when £ > 0 po ^ (1,2.44] and when £ < 0 po £ [1.8,2.44]. Also, for 
V = 0.9, when £ > 0 Po G (1, 2.72] and for £ < 0 Po G [2, 2.72] 



Figure 5: Angular momentum as a func¬ 
tion of radius when £ > 0. 


Figure 6: Angular momentum as a func¬ 
tion of radius when £ < 0. 


15 
















Po 


Figure 7: Magnetic field as a function of 
radius when i > 0. 



po 


Figure 8: Magnetic field as a function of 
radius when i < 0. 


In Fig. (5) it is shown that as the particle moves away from the naked singularity 
the positive angular momentum decreases. In Fig. (6) the negative angular momentum 
increases as a function of po- In Fig. (7) and Fig. (8) it is evident that the magnetic held 
strength decreases as radius of the orbit increases. 

Considering the equatorial plane and utilizing the above mentioned dimensionless 
quantities Eqs. (29) and (30) take the form, 


, dpo 2 
^ da’ 




dcj) 

da 


da 


a = 


^•(1 - i ) 


8 

(1 --)"’ 

^ Po> 

(44) 

1 -. 

(45) 


The effective potential given below is same as in Eq. (35) in the equatorial plane but, 
here we introduce a which is later used to dehne the Lorentz gamma factor 


UeS = 



(46) 


We consider a positive charged particle, so that b is positive as well. Let us suppose 
that the particle is moving in the circular orbit of radius r. Its momentum is given by 


F = m7(ef^) +nef^)). 

(47) 

^(t) -J Hty 

(48) 

^(0) J 

(49) 


The velocity of the particle with respect to a rest frame is represented by v. Here, 
7 is the Lorentz gamma factor. Using the normalization condition = —m? we obtain 
7 = (1 — In Eqs. (48,49) = (1,0, 0,0) and = (0,0,0,1) are the Killing 

vectors whereas and refers to the tetrad basis. For a positively charged particle 
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and n > 0, the Lorentz force is repulsive (i.e. directed outwards the naked singularity), 
while for v < 0, it is attractive. 

Using relation = ny/r one gets 


v'^ = a. 


(50) 


This relation allows one to write 


7 


2 


1 + Q!^, 


a 

■y/l + o? 


(51) 


Now we discuss the behavior of n, effective potential and the Lorentz gamma factor 
for V = 0.8 and v = 0.9. 



Figure 9: Velocity with respect to a rest 
frame for v = 0.8. Dotted curve is for 
i < 0 and solid curve for £ > 0. 



Figure 10: Velocity with respect to a rest 
frame for v = 0.9. Dotted curve is for 
i < 0 and solid curve for £ > 0. 



Figure 11: For i > 0 and v = 0.8, the 
Lorentz gamma factor (dotted graph) 
and f/eff are plotted as a function of po- 



Figure 12: For £ < 0 and z/ = 0.8, the 
Lorentz gamma factor (dotted graph) 
and Ueff are plotted as a function of po- 


The velocity of the particle with respect to a rest frame as a function of po is shown 
in Figs. (9) and (10), z/ = 0.8 and 0.9. It is evident that v decreases as the particle moves 
away from the naked singularity, both for £ > 0 and £ < 0. In Fig. (11) when i > 0 and 
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Figure 13: For £ > 0 and v = 0.9, the 
Lorentz gamma factor (dotted graph) 
and Ues as a faction of po- 


t^cir 



Figure 14: For £ < 0 and u = 0.9, the 
Lorentz gamma factor (dotted graph) 
and f/eff as a function of po- 


V = 0.8, f/eff monotonically decreases from its value 0.88 at po = 2.44 till it reaches po = 1. 
The Lorentz gamma factor 7 at po = 2.44 is 1.2. In Fig. (12) for £ < 0 and v = 0.8 both 
the functions rise to inhnity at po = 1.8. In Fig. (13) considering i > 0 and z/ = 0.9, Uefi 
and 7 exhibit the same behavior as described above for u = 0 . 8 , but for different values 
of Po- Both the functions inhnitely grow at po = 2 when £ < 0 as shown in Fig. (14). 

4.2.1 Energy of the particle at ISCOs 

The energy of the particle present in the ISCO for different values of u is demonstrated in 
Figs. (15,16). If the Lorentz force acting on the particle is repulsive i.e. ,£> 0 , then the 
energy possessed by the particle is minimum as compared to the particle experiencing an 
attractive Lorentz force i.e., £ < 0. It is also observed that with the increasing value of u, 
the energy of the particle decreases when £ > 0 and increases when £ < 0. 




P" Po 


Figure 15: Energy of the particle for £ > 

0 . 


Figure 16: Energy of the particle for £ < 
0 . 
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4.2.2 Escape trajectories and escape velocity 

In order to visualize the escape trajectories of the ejected particle initially present in the 
ISCO, Eqs. (32,33) are numerically solved in Mathematica using NDSolve command by 
keeping the radial velocity zero after collision. Figs. (18,20) display the path followed 
by the particle after being kicked from the ISCO, that ultimately escapes to inhnity. 
Figs. (17,19) show capture by the naked singularity after the collision. Utilizing the Fqs. 
(34-38) the escape velocity is estimated from the numerical results, obtained from the 
numerical integration of the dynamical equations [6]. The escape velocity for different 
values of v is illustrated in Figs. (21,22). With the increasing value of v the escape 
velocity of the particle increases. 



Figure 17: Escape trajectory for v = 0.9, 
I = 1.49355, b = 0.0464893, po = 2.5 
and S = 1.16884. 


Figure 18: Escape trajectory for u = 0.9, 
i = 1.50555, b = 0.124502, = 2.1 and 

S = 1.16971. 
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Figure 19: Escape trajectory for v = 0.9, 
I = -1.75741, b = 0.0547023, po = 2.5 
and S = 1.082. 



Figure 21: Escape velocity for £ > 0. 


Figure 20: Escape trajectory for i/ = 0.9, 
i = -2.05737, b = 0.109975, po = 2.3 
and £ = 1.19955. 



Figure 22: Escape velocity for £ < 0. 


5 Particle collision at ISCO 

Let us consider a collision between two particles with the same mass m and opposite 
charges, moving along the same circular orbit in the opposite directions. The four- 
momentum of the particles is given as under, 

= m7(ej) /cs = "^7(4) “ ^^( 0 ))’ (^2) 

(53) 

is the four-momentum of the system after the collision. Let us denote the center-of- 
mass energy after the collision by A4, 

= -K^K^ = -g^sK^^K^ = (2m7)^ M = 2m'y. (54) 
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It is obvious that the center-of-mass energy A4 depends on the Lorentz gamma factor, 
as the value of 7 increases the energy generated as a result of the collision is maximum. 
In Fig. (11) when £ > 0 and ly = 0.8, 7 remains close to 1. In this case, the energy 
produced is not signihcantly large. In Fig. (12) when £ < 0, 7 rises to inhnity at po=1.8. 
Hence, a large amount of energy can be obtained in the presence of a weak magnetic held 
if the particle experiences an attractive Lorentz force. We can also examine the energy 
generated for z/ = 0.9. It exhibits the same behavior as for z/ = 0.8, but for different 
values of po- 


6 Conclusion 

In this paper, we established an analysis to investigate the escape velocity of the particle 
initially orbiting in the ISCO of a magnetized JNW naked singularity. The escape tra¬ 
jectories followed by the particle after the collision are analyzed utilizing the dynamical 
equations. The particle may either escape to inhnity, captured by the naked singularity 
or will continue a bounded motion after the collision. Also, the center of mass energy 
is obtained as a result of the collision between two particles having the same mass and 
opposite charges, moving along the same circular orbit in the opposite directions. It is ob¬ 
served that the maximum amount of energy can be achieved depending upon the Lorentz 
gamma factor. 
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